Abstract. We compute the fundamental groups of the complements of the family of real conic-line arrangements with up to two conics which are tangent to each other at one point, with an arbitrary number of tangent lines to both conics. We show that all the resulting groups are big.
Introduction
Line arrangements as simply as they are, carry many open questions around them (including topological and combinatorial questions), which are slowly solved. In this paper we go up to conic-line arrangements, where the parallel questions about them are even less understood. We prove here a general theorem on the fundamental group's structure of complements of conic-line arrangements. The only known results so far in this direction involve only arrangements consisting of one conic [5] .
In general, the fundamental group of complements of plane curves is an important topological invariant with many different applications.
This invariant was used by Chisini [8] , Kulikov [14] and Kulikov-Teicher [15] in order to distinguish between connected components of the moduli space of surfaces of general type. Moreover, Zariski-Lefschetz hyperplane section theorem (see [16] ) showed that
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Date: May 11, 2008. where S is an hypersurface and H is a generic 2-plane. Since H ∩ S is a plane curve, we can compute π 1 (P N − S) in an easier way. A different direction for the need of fundamental groups' computations is for getting more examples of Zariski pairs ( [27] , [28] ). A pair of plane curves is called a Zariski pair if they have the same combinatorics (i.e. the same singular points and the same arrangement of irreducible components), but their complements are not homeomorphic. Some examples of Zariski pairs can be found at [6] , [7] , [9] , [10] , [22] , [23] , [24] and [25] .
In this paper we compute the fundamental groups π 1 (C 2 − T m ) and π 1 (CP 2 − T m ) of the family T m of real conic-line arrangements in CP 2 with up to two conics, which are tangent to each other at one point, and
with an arbitrary number of tangent lines to each one of the conics (see Figure 12 ). We exclude here the case where at least one line is tangent to both conics. The simplified presentations of the fundamental groups are given in Theorem 3.10 and Theorem 4.5.
These arrangements may appear in a branch curve of a generic projection to CP 2 of a surface of general type (see for example [12] ).
We call a group big if it contains a subgroup which is free (generated by two or more generators). By the above results, we have the following corollary:
Corollary 1.1. The fundamental groups π 1 (C 2 −T m ) and π 1 (CP 2 −T m ) are big.
Algorithmically, this paper uses the local computations (local braid monodromies and their induced relations), the braid monodromy techniques of Moishezon-Teicher (see [11] , [17] , [18] , [19] , [20] and [21] ), the van Kampen Theorem (see [26] ) and some group simplifications and calculations for studying the fundamental groups.
The paper is organized as follows. Section 2 deals with the fundamental group of a family of curves consisting of one conic and n tangent lines. In Section 3, we deal with the fundamental group of a family of
FUNDAMENTAL GROUPS OF TANGENT CONICS AND TANGENT LINES 3
curves consisting of two tangent conics and n tangent lines to one of the conics. In Section 4, we compute the most general case, where we have two tangent conics and two sets of lines, each of which is tangent to one of the conics. In each section, we start with the computation of the braid monodromy of the curve by Moishezon-Teicher technique and then we compute the simplified presentation of the fundamental group by the van Kampen Theorem and group theoretic calculations.
The fundamental group of the complement of a conic with n tangent lines
In this section, we compute the fundamental group of the complement of one conic and n tangent lines. We start by illustrating the cases of 1, 2 lines tangent to a conic, and then we present the computation of the general case of one conic and n tangent lines.
Note that this family of conic-line arrangements was already computed in [5] too (the family is denoted there by A i ). Although the presentations given here are different from those appeared in [5] , it can be easily shown that the two groups are isomorphic.
We recompute their presentations here (with different methods) for the sake of completeness of presentations of conic-line arrangements with up to two tangent conics. One more reason for this is that it illustrates the method of computing the presentations in an inductive way, as we will do in the case of two tangent conics and any number of tangent lines.
In the first subsection, we present the braid monodromy factorizations of this type of curves and in the next subsection, we compute the corresponding fundamental groups.
Braid monodromy factorizations.
Here we compute the braid monodromy factorizations (BMFs, see [15] ) which correspond to a conic with an arbitrary number of lines tangent to it. We start with some notations. Q (see Figure 1) .
Then its BMF is:
Proof. The computation of the BMF is done in a local model as follows:
we start the computation by taking a typical fiber and enumerate the points of the curve in this fiber from 1 up to n (n is the degree of the given curve). At this stage, we classify the singularities according to their types, and we summarize it into a table:
The second column contains the Lefschetz pairs corresponding to the singularities. In the third column, we indicate the types of the singularities, and in the last column we have the corresponding local diffeomorphisms of the singularities (see [3] ).
In the next step, we apply the braid monodromy technique of Moishezon-Teicher [19] (see also [3] ). In Figure 2 , we show the skeletons of the braids, obtained by the technique. Note that we skip some steps in the braid monodromy's computation. Note also that at the end of the computation, we enumerate again the points in the fiber according to the global settings (for example, the two points of a conic are denoted as i and i ′ ).
compl. conj. The first braid is Z 11 ′ , the second one is Z 4 12 and the third one is (Z 11 ′ ) Z 2 1 ′ 2 , and hence the braid monodromy factorization is as stated.
Proof. The table for computing the monodromy is: compl. conj. 
, where: Proof. We prove it by induction. The cases n = 1, 2 have been proved in the previous lemmas.
Assume that ∆ 2 Cn is as above. We will show that:
, since the lines
. . , L n appear there too. Now we explain the term:
is the product of braids of the nodes which correspond to the intersection points of L n+1 with the other
, where x 1 is the generator of the conic and x 2 , . . . , x n+1 are the generators of the n lines.
Proof. In this case, the set of generators for the presentation of the fundamental group is {x 1 , x 1 ′ , x 2 , . . . , x n+1 }. By applying the van Kampen Theorem, we get three types of relations:
(1) From the branch points, we get x 1 = x 1 ′ and
(2) From the nodal points, we get the following set of relations:
(3) From the tangency points, we get
By the first two relations (from the branch points), x 1 ′ is redundant, [x n+1 · · · x 3 x 2 , x 1 ] = e, and we get the needed presentation.
Adding the projective relation x n+1 x n · · · x 2 x 2 1 = e, the relation
is redundant, so we get the needed presentation for the projective case too.
Following the results of this section, we have: We already have proved a similar corollary in [1] , and for the sake of completeness, we recall it shortly here.
Proof. We start with a simple observation that if a group has a big quotient, then the group itself is big. Denote
Now, we show that G is big. First, let us take new generators x = ab, y = b, then the relation (ab) 2 = (ba) 2 = e becomes:
e, which is equal to: x 2 = yx 2 y −1 = e. Hence, we have:
where * is the free product. Now, the quotient of G by the subgroup generated by y 3 is
Since Z/2 * Z/3 is known to be big, by the observation
is big too.
Since C 2 is a sub-arrangement of C n , n ≥ 2, the group G = π 1 (CP 2 − C 2 ) is a quotient of the groups π 1 (C 2 − C n ) and π 1 (CP 2 − C n ) (by sending the generators which correspond to the additional lines to e). Now, since G is big, the above groups are big as well.
3. The fundamental group of the complement of two tangent conics with n tangent lines to the same conic
In this section, we compute the fundamental group of the affine and projective complements of a curve with two tangent conics and n lines (which are tangent to one of the conics). We illustrate first the arrangements related to n = 0, 1, 2, 3, and then we compute the presentation of the general case.
As before, in the first subsection, we present the BMF of this type of curves and in the second subsection, we compute the corresponding fundamental groups. Lemma 3.1. Let S 0 be a curve consisting of two tangent conics (see Figure 6 ). Then we have:
Proof. The table for computing the monodromy is:
One should note that in this table we have a new type of singularity, which is the unique tangency point of the two conics. Due to its unicity, its induced local diffeomorphism (see Lemma 2.2) is a double counterclockwise full-twist (see [4] , Lemma 15) . Figure 8 ). Denote
Then its BMF is: From this point on, we skip all the long and heavy braid monodromy computations. We mainly state the resulting BMFs. Figure 10 for n = 2 and n = 3).
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Then their BMFs are:
where
Note that we split ∆ By induction on the number of tangent lines, and based on the last lemmas, we can find a general statement for the BMF of S n : Figure 10 ). Denote Figure 10 . The arrangement S n where:
Then its BMF is:
.
Proof. We start with ∆ ′ 2
Sn . The first and the third factors are created by the branch points of Q 1 and Q 2 on their right side. The second factor is created by the intersections of the lines and Q 1 . The fourth factor is generated by the tangency points of the lines and Q 2 . The last factor is related to the intersection points of the lines themselves.
In ∆ 2 Sn , we have three additional factors: the first one is related to the tangency point of Q 1 and Q 2 , and the last two factors are created by the left branch points of Q 1 and Q 2 .
Remark 3.5.
(1) A BMF ∆ 2 should be written as a product of factors, whose order corresponds to the one of the position of the singularities in the curve (see [21] Hence the factor ∆ ′ 2
Sn is fixed too. The addition in ∆ 2
Sn is due to the tangency point of the conics and the left two branch points.
The corresponding fundamental groups. Based on the BMFs
we computed in the previous section, we now compute the corresponding fundamental groups. Proposition 3.6. Let S 0 be as defined in Lemma 3.1 (see Figure 6 ).
Then we have:
Proof. Using the van Kampen Theorem on ∆
(see Lemma 3.1), we get the following presentation for π 1 (C 2 − S 0 ):
(1)
By the first two relations, we omit the generators x 1 ′ and x 2 ′ and we get the following equivalent set of relations:
The last two relations are equal to (x 1 x 2 ) 2 = (x 2 x 1 ) 2 , hence the first relation is redundant, and we are done.
The projective relation x 2 ′ x 2 x 1 ′ x 1 = e is equivalent to
and hence (
Proposition 3.7. Let S 1 be the curve defined in Lemma 3.2 (see Figure   8 ).
Then we have: 
By Relations (1) and (3), this group is simplified to the following presentation:
(
2 and hence Relation (4) is redundant. By Relation (2), we can omit generator x 3 ′ and substitute
it by x −1 1 x 3 x 1 anywhere it appears. Hence, we get:
Using Relation (1), Relations (3) and (4) get the forms (
2 and Relation (1) again, Relation (3) is simplified to (2) is redundant. We get:
and we are done.
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The projective relation x 3 ′ x 3 x 2 ′ x 2 x 1 = e is translated to x 2 3 x 2 2 x 1 = e. By this relation we omit the generator x 1 and we get:
Proposition 3.8. Let S 2 be the curve defined in Lemma 3.3 (see Figure   10 for n = 2).
Then: 
4 ′ x 3 ′ By Relation (1), the generator x 3 ′ can be omitted, and then Relations (2) and (4) are redundant. Moreover, we can simplify many of the other relations, as follows:
By the last relation, Relation (7) is redundant, and Relation (8) gets
, and hence x 4 = x 4 ′ . So, the generator x 4 ′ can be omitted, and we can simplify some other relations:
2 By Relation (6), Relation (5) gets the form:
4 ] = e. By some manipulations on Relation (4), we get (x 1 x 4 ) 2 = (x 4 x 1 ) 2 . Hence we get the needed presentation for the affine group.
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The projective relation
given in the proposition. Now let us consider the curve, composed of two tangent conics
By similar arguments to those of the previous propositions, we get the following presentation related to S 3 :
Proposition 3.9.
, where x 1 , x 2 , x 3 are the generators related to the lines, and x 4 , x 5 are the generators related to the conics.
Now we treat the general case, i.e. the arrangement S n .
Theorem 3.10. Let Q 1 , Q 2 be two tangent conics in CP 2 and let
. . , L n be n lines tangent to Q 2 (see Figure 10 ). Denote
The group
Proof. Using the van Kampen Theorem on ∆ 2
Sn (see Proposition 3.4), we get the following presentation for π 1 (C 2 − S n ):
where 1 ≤ i ≤ n − 1, and
By the first relation and some simple simplifications, we get the following presentation:
Generators: {x 1 , x 2 , . . . , x n , x n+1 , x n+2 , x (n+2) ′ } Relations:
Relations (6) and (7) get the following forms:
By comparing these two relations we get: x n+2 = x (n+2) ′ , so we can omit x (n+2) ′ . We also get from these relations:
and hence Relation (4) is redundant.
Also by Relations (1), we can cancel some appearances of x n+1 in
Relations (2), (3) and (5).
Hence, we get the following presentation:
Generators: {x 1 , x 2 , . . . , x n , x n+1 , x n+2 } Relations:
Now we show that the sets of Relations (3) and (5) are equivalent to the following two sets:
The case i = n in Relations (3) gives: (x n x n+2 ) 2 = (x n+2 x n ) 2 as needed in the final sets.
The case i = n − 1 and j = n in Relations (5) gives
By Relation (4), we have
as needed in the final sets.
Now we pass to the case i = n − 1 in Relations (3). We have:
So:
n . For using some of the above known relations, we add x n+2 x −1 n+2 = e in three places:
By using case i = n in Relations (3) we get:
Using Relation (*), we have:
Using case i = n in Relations (3) again, we can cancel the last four generators in each side of the equation:
Using Relation (*) again, we can cancel x n , so we get:
which can be written as:
Now we pass to the case i = n − 2 in Relations (5). In this case, we have two subcases: j = n − 1 and j = n. We start with the subcase j = n:
x n x n+2 x n x n−1 ] = e. By using case i = n in Relations (3) we get:
By Relation (*), we cancel the generator x n−1 , and we have:
as needed. Now we treat the subcase j = n − 1:
By a variation of Relation (**), we get:
x n ] = e. For using some of the above known relations, we add x n+2 x −1 n+2 = e in four places:
Using case i = n in Relations (3) we get:
By Relation (*), we have some cancellations:
We can write:
By Relation (***), we can cancel the generator x n twice, and we get:
In order to finish the proof for the simplifications of Relations (3) and (5), we will simplify a relation in Set (3) and a relation in Set (5), alternatingly. That means that we now simplify case i = n − 2 in Set (3) (based on the previous simplified relations in Sets (3) and (5)), and get (x n−2 x n+2 ) 2 = (x n+2 x n−2 ) 2 . Afterwards, we simplify case i = n − 3 (for j = n, n − 1, n − 2) in Set (5) (again by all the previous simplified relations in Sets (3) and (5)) and get [x n−3 , x n+2 x j x −1 n+2 ] = e where j = n, n − 1, n − 2.
In the next step, we simplify case i = n − 3 in Set (3) and case i = n − 4 in Set (5) (for n − 4 < j ≤ n), and so on.
In this way we simplify alternatingly all the relations in Sets (3) and (5) to their needed forms, and we are done.
According to the above results, we can conclude the following: which is big, as we saw in Corollary 2.9.
The projective fundamental group of two tangent conics:
is big too, since this group has a quotient which is Z/2 * Z/3. Now, let A be a conic-line arrangement with two conics and with some additional tangent lines. Since the arrangement composed of two tangent conics is a sub-arrangement of A, it is known that its fundamental groups are quotients of the fundamental groups of A (by sending the generators which correspond to the additional lines to e).
Since we have shown that the fundamental groups of two tangent conics are big, the fundamental groups of A are big too. 
be two lines tangent to Q 1 (see Figure 11 ). Denote
and Figure 11 . The arrangements T 1 and T 2
Then their BMFs are: 
is defined in Lemma 3.3.
The new factors in the BMF of T 1 (in comparison to those of Figure 12) . Denote: Figure 12 . The arrangement T m
Then its BMF is:
Sn is defined in Proposition 3.4.
Proof. In addition to the factors in ∆ Figure   11 ). 
Proof. In Lemma 3.3, we wrote the BMF of the curve S 3 as a product of ∆ ′ 2 S 3 and three more braids (correspond to the common tangency point of the conics, and the two most left branch points). Now, deleting the line L ′ 1 , we actually get the arrangement S 3 . In Proposition 3.9, we show the simplified relations arising from ∆
, so we can use it here too:
Now by the van Kampen Theorem on the rest of ∆
(see Lemma 4.1), we get the following set of relations for completing the presentation of π 1 (C 2 − T 1 ) (based on the fact that x 4 = x 4 ′ as we have used in Proposition 3.9):
By Relations (1)-(3), we can omit x 4 in Relations (11)- (13) . Moreover, we can conjugate them by x 5 ′ to get the following forms: 
Hence we get the following set of relations:
By Relation (4), Relation (15) gets the form:
By Relations (1)-(3), it is simplified into (
By Relation (19) , Relation (17) is: (x
5 ′ , x 6 ] = e, which is equal to Relation (14) , and hence it is redundant. Relation (7) can be rewritten by Relation (10) as follows:
By Relation (9), we have:
Relation (8) is (up to additions of x 5 x −1 5 = e in three places):
Using Relation (10) three times, we get:
Using Relation (9) three times and some simplifications, we have:
By Relation (10), the relation is simplified to: x −1 5 x 2 x 5 x 3 x 2 x 5 = x 3 x 2 x 5 x 2 , and by Relation (9), we get: (x 2 x 5 ) 2 = (x 5 x 2 ) 2 .
Relation (6) can be simplified by Relation (9) into:
By the relation (
5 ] = e. By the above simplifications, we get the needed presentation. Now we present the group π 1 (C 2 −T 2 ). Since the arrangement T 2 has an additional line over the arrangement T 1 , we have some more relations involving the new generator x 7 (which is related to this additional line).
This presentation is computed in a similar way, as done in the previous proposition. 
The set of relations is:
Here we present the most general case:
m be two sets of n and m lines tangent to Q 1 and Q 2 respectively (see Figure 12) . Denote:
Then the group π 1 (C 2 −T m ) is generated by the generators x 1 , . . . , x n (related to L 1 , . . . , L n ), x n+1 , x n+2 , x (n+2) ′ (related to the conics) and
. This group admits the following relations:
relation:
Proof. In Proposition 3.4, we wrote the BMF of the curve S n as a prod-
Sn and three more braids (correspond to the common tangency point of the conics, and the two most left branch points). Now, deleting the lines L Sn , and we list them here: Sn , see Proposition 4.2), we complete the presentation of π 1 (C 2 −T m ) (using the relation x n+1 = x (n+1) ′ as in Theorem 3.10):
where n + 3 ≤ j ≤ n + m + 2.
In Relations (vi), we can omit the generator x n+1 due to Relations (i). Also, by Relations (vii), we can omit x n+2 . Hence we get:
For i = n and j = n + 3, we get:
For i = n−1 and j = n+3, we get:
By the previous relation, we can omit x n , in order to get:
In the same way, we get [
For j = n + 4, we repeat the same calculation: for i = n we have
By (*), we can omit x n+3 , and we get: [x n , x −1
We continue this process for all j, n+3 ≤ j ≤ n+m+3, and we get the needed set of Relations (6).
In Set (vii) for j = n + 3, we get:
By the previous relation, we can omit x n+3 , so we get: [x n+2 , x −1
In a similar way, we get the needed set of Relations (7).
Substituting Relation (ii) into Relation (viii), we have:
By set of Relations (i), we get the needed Relation (8).
In Set (ix) for j = n + 3, we get:
For j = n + 4, we have:
Again, by the previous relation, we can omit x n+3 , so we get:
In a similar way, we get the needed Set (9).
For the Sets (x) and (xi), one can simplify them to Sets (10)- (12) similarly to what we have done for simplifying Sets (3) and (5) in the proof of Theorem 3.10. As we simplified there the sets in an alternate way, we start here with j = n + m + 2 in Set (x) and we get Relation (10) , and then we simplify the case i = n + m + 1 and j = n + m + 2 in Set (xi) in order to get the corresponding case in Relation (12) . In the next step, we simplify case j = n + m + 1 in both sets, and so on, till we get Sets (11)- (12) .
Relations (xii) and (xiii) are the same as Relations (13) and (14) .
So finally we get the requested presentation.
Note that in the presentation appearing in Theorem 4.5, we have the relation (x n+1 x n+2 ) 4 = (x n+2 x n+1 ) 4 , while in the previous presentations, this relation has a much simpler form: (x n+1 x n+2 ) 2 = (x n+2 x n+1 ) 2 .
We want to check if the latter relation exists also in the presentation of Theorem 4.5. Using the computer program "Testisom" [13] , we conclude that the relation (x n+1 x n+2 ) 2 = (x n+2 x n+1 ) 2 does not exist in Using Relations (i) again, we have:
By Relation (viii), we have:
Using this result and Relation (8), Relations (ii) and (xiv) are simplified to Relations (2) and (10) respectively.
By Relation (2), Relation (iii) is simplified to (x 1 x n+2 ) 2 = (x n+2 x 1 ) 2 .
Together with Relations (v), it yields Relations (4).
Using again x n+2 = x (n+2) ′ and Relation (7), Relations (vii) and (ix) are simplified to Relations (6) . Now, by Relations (6), Relations (vi) are simplified to Relations (5).
Relation (x) is Relations (8) for j = n + m + 2. For simplifying Relations (xi) into Relations (8), we first simplify the case j = n+m+1.
We write:
Now, we use a conjugation and Relations (8) (for the case j = n+m+2)
four times, to get: Using the relation [x n+1 x n+m+2 x −1 n+1 , x n+m+1 ] = e (Relations (9)) four times, we get the form:
x n+1 x n+m+1 x n+1 x n+m+1 = x n+m+1 x n+1 x n+m+1 x n+1 .
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In the same way, we continue downwards, till we get the whole set of Relations (8) .
Hence, we get the requested presentation.
Note that adding the relation (x n+1 x n+2 ) 2 = (x n+2 x n+1 ) 2 creates a symmetry between the relations involving the conic Q 2 and lines As we have seen in Corollary 3.11, the affine and projective fundamental groups of this section are big.
